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Abstract

This paper presents an accurate method to compute the bidirec-
tional reflectance distribution function (BRDF) due to subsurface
scattering inside the material of the objects. This computation re-
quires iterating over the different lighting directions, and solving
the integro-differential equation of light transport (scattering and
absorption). Solving the light transport equation is expensive, and
solving it independently for different directions adds even further to
the expense. However most of the computations are very similar be-
tween directions. We make use of Green’s function of the transport
problem to have a better separation between computations that are
independent of incident directions from those that are dependent.
This allows us to avoid as much repetition in the computations as
possible, thus gives us a faster BRDF computation method without
any loss of accuracy. We validate our method against a standard
light transport solver and use it to compute BRDF for a variety of
materials.
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1 Introduction

Accurately modeling the bidirectional reflectance distribution func-
tion (BRDF) [Nicodemus 1967] of materials is an important step
in realistic rendering. BRDF for most real world materials may
be modeled as a combination of two components: specular, the
component resulting from surface only interaction of light, and dif-
fuse, the component resulting from subsurface interaction of light
[Dorsey et al. 2008][Hanrahan and Krueger 1993]. The discussions
in this paper is limited to the diffuse component of BRDF. Lamber-
tian model is a convenient idealization of the diffuse BRDF, where
BRDF is assumed to be a constant, independent of incident and
outgoing direction. However, diffuse BRDF of most materials have
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significant directional dependence, and computing them accurately
requires accurate solution of subsurface interaction of light.

Light interaction inside the volume of the material can be modeled
by an integro-differential equation known as the radiative transfer
equation or the RTE. Its solution is expensive. Solving the RTE for
BRDF computation requires one to solve the RTE for a large num-
ber of incident directions, thus making the computation all the more
expensive. Of the various methods, discrete ordinate based method
is one of the widely used methods for accurate computations of the
RTE solutions.

In this paper, we focus on efficiently computing the RTE solu-
tion using a discrete ordinate based method (DOM). We propose
a Green’s function based method to accelerate this solution method
for BRDF computation. We show that while being convenient to
compute, the Green’s function reduces the impact of increasing the
number of lighting directions towards the overall computation time.
We demonstrate the usefulness of the method in computing diffuse
BRDF for many real world materials. We validate the computa-
tion results with solutions from a standard RTE solver available in
Optics literature. We compare the efficiency of our Green’s func-
tion based solution for BRDF with commonly used DOM solution
approach.

The following is a brief outline of the paper. In the next section
we review existing work. In section 3 we provide a background to
radiative transport equation and Green’s function. In section 4 we
detail our Green’s function based DOM computation method. We
describe the results of our implementation in section 5.

2 Related work

Like clouds and atmosphere, most materials we come across in the
real world may be considered to be composed of particles (or pig-
ments) that scatter and absorb light. The type, density and orienta-
tion define the property of the material. While light can easily go
through most clouds, most of the interaction in a so called opaque
material happens in a microscopic layer below the surface. This
interaction is termed subsurface interaction. A part of the scattered
light from the subsurface interaction comes out of the surface, and
it is this light that makes up the diffuse component of BRDF. Many
efforts have been made to account for this component in BRDF for-
mulations, some of which we describe here.

In order to remain efficient, several methods only approximate sub-
surface scattering. Kubelka-Munk [Kubelka 1948] method is one
such method that provides a simple formulation for the reflectance
from materials composed of one or more pigment layers. This
method is efficient, but uses a two streams approximation for the
radiance field. That means it approximates all the directions of the
radiance field by one upward and one downward direction, which is
not enough to take into account directionality in diffuse reflectance
computation. Originally used in medical physics domain, the dif-
fusion approximation theory has found use in computing subsur-



face scattering for BRDF [Stam 1995]. Jensen et al [2001] through
the dipole model, proposed a simple solution based on diffusion
approximation. As in Kubelka-Munk model the diffusion approx-
imation computes a diffuse BRDF that is independent of outgoing
directions.

Several accurate methods for subsurface scattering based BRDF
computation have also been proposed in the literature. Dorsey et
al. [1999] used a photon mapping based computation of subsurface
scattering, Hanrahan and Kruger [1993] and Pharr and Hanrahan
[2000] used Monte Carlo path tracing based methods for solving
the RTE for BRDF computation. While these methods can correctly
simulate all scattering events, noise free accurate BRDF computa-
tion using these Monte Carlo based methods can be very expensive
computationally, especially for materials that are highly scattering.
In the case of layered materials, the adding doubling method [de
Haan et al. 1987] gives accurate results, but has been noted for its
high computational cost. Finally, discrete ordinates methods [Chan-
drasekhar 1960] have also been widely used for accurately solving
the RTE in layered atmosphere, but have not found wide use in
BRDF computation because of the cost involved.

In an attempt to improve the efficiency of the discrete ordinate
based method for BRDF computation, we propose a Green’s func-
tion based approach to solving one of the main steps of the method.

3 Background

Our goal in this paper is to compute the BRDF due to subsurface
scattering. BRDF is defined as the radiance reflected from a surface
point as a function of the irradiance incident from any direction in
the incoming hemisphere [Nicodemus 1967], and can be expressed
as:

fr(µinc,φinc,µ,φ) =
I(0,µ,φ)

Einc(µinc,φinc)
(1)

where µ is the cosine of the zenith angle as measured from the
normal to the surface of the material and φ is the azimuth angle,
(µinc,φinc) and (µ,φ) are the incoming and reflected directions re-
spectively, I(τ,µ,φ) is the radiance at an optical thickness of τ

(measured from the surface of the material) along direction (µ,φ)
and Einc is the irradiance along the incoming direction.

We will assume that the material is a plane parallel medium, i.e. the
scattering and absorption property of the material varies only along
the depth (the direction perpendicular to the plane). So the mate-
rial property is defined by phase function p and single scattering
albedo ω that are functions of optical thickness τ . We assume that
the particles in the medium that interact with the light are spher-
ical or randomly oriented, thus making p a function of only the
scattering angle θ formed by the incoming and scattered direction.
The resulting BRDF fr becomes a function of only 3 parameters:
f (µinc,µ,φ −φinc). Without any loss of generality we will set φinc
to zero and represent BRDF as f (µinc,µ,φ).

For computing BRDF we need the radiance field at the surface of
the material i.e. at τ = 0, resulting from the subsurface interac-
tion of the incident light from any direction (µinc,0). The radi-
ance field due to subsurface light transport in plane parallel media
may be modeled as the solution to the radiative transfer equation
(RTE)[Chandrasekhar 1960]:

µ
∂

∂τ
I(τ,µ,φ)+ I(τ,µ,φ)− J(τ,µ,φ) = Q(τ,µ,φ) (2)

Figure 1: Computing the BRDF requires computing the radiance
field (in green) at the top of the material for each incoming direction
of a parallel light source (in yellow).

The J term in the equation is defined as:

J(τ,µ,φ) =
ω(τ)

4π

∫ 1

−1

∫ 2π

0
p(τ,θ ′)I(τ,µ ′,φ ′)dφ

′dµ
′ (3)

with p(τ,θ ′) the phase function at optical thickness τ , θ ′ the angle
between the incoming direction (µ ′,φ ′) and the outgoing direction
(µ,φ). The Q function accounts for radiance due to the incident
Iinc from direction (µinc,φinc), and is expressed as:

Q(τ,µ,φ) =
ω(τ)Iinc(µinc)

4π
p(τ,θ)e−τ/µinc (4)

where θ is the angle between the incident direction (µinc,0) and the
outgoing direction (µ,φ).

(a) (b)

Figure 2: The J term (a) corresponds to scattered radiance at op-
tical depth τ along direction (µ,φ) due to the radiance incoming
from all directions. The inhomogeneous term Q (b) accounts for
the radiance due to the scattering attenuated incident radiance.

Unlike most of the DOM based method used in Computer Graph-
ics literature that use space and direction discretization followed by
iterative solution, our method is based on another commonly used
DOM approach used in Optical literature that involves Fourier ex-
pansion, homogeneous and particular solution computation. This
method of solving the RTE starts with reducing the dimensionality
of the radiance functions involved, which is done by expanding the
radiance in the truncated Fourier series as [Sobolev 1975]:

I(τ,µ,φ) =
1
2

I0(τ,µ)+
L

∑
m=1

Im(τ,µ)cos(mφ), (5)

Independent expressions for Im(τ,µ)’s are developed by first ex-
panding p(τ,θ ′) in truncated Legendre polynomial series as:

p(τ,θ ′) =
L

∑
m=0

gm(τ)Pm(cosθ
′)



then rewriting it using the relation

cosθ
′ = µµ

′+
√
(1−µ2)(1−µ ′2)cos(φ −φ

′)

as

p(τ,θ ′) = p0(τ,µ,µ ′)+2
L

∑
m=1

pm(τ,µ,µ ′)cos
(
m(φ −φ

′)
)

(6)

where pm(τ,µ,µ ′) =
L

∑
l=m

gl(τ)P
m
l (µ)Pm

l (µ ′),

and Pm
l ’s are the normalized associated Legendre polynomials.

Using these expansions, the RTE equation for Im(τ,µ) can be writ-
ten as:

µ
∂ Im(τ,µ)

∂τ
+ Im(τ,µ)− ω(τ)

2

∫ 1

−1
pm(τ,µ,µ ′)Im(τ,µ ′)dµ

′

= Qm(τ,µ) (7)

or in a compact operator notation as:

L [Im(τ,µ)] = Qm(τ,µ) (8)

where

Qm(τ,µ) =
ω

4
pm(τ,µ,µinc)Iinc(µinc)e−τ/µinc (9)

and L an integro-differential operator as expanded in equation 7.

In classic differential equations literature, equations similar to (8)
are called inhomogeneous equations, and Qm’s on the right hand
side are called the inhomogeneous terms. A standard way to com-
puting the solution to inhomogeneous equations is: find solution Im

h
to the homogeneous form of the equation such that,

L [Im
h (τ,µ)] = 0 (10)

and then find a particular solution Im
p that satisfies the original equa-

tion, i.e.

L [Im
p (τ,µ)] = Qm(τ,µ) (11)

and compose the final solution as a combination of the two, i.e.
Im = Im

h + Im
p .

Given that our goal is to compute BRDF, we must compute the ra-
diance field separately for a large number of incident directions.
Change in incident direction changes the inhomogeneous term in
equation 9. So the classical approach of solving equation 8 would
require us to compute the particular solution separately for each
incident direction. This approach of particular solution computa-
tion for our problem (see Appendix) requires solving a linear sys-
tem of size N, where N is the number of quadrature nodes used to
compute the integration term in equation 7. For BRDF computa-
tion this process must be repeated for every incident direction and
when computed for a large number of incident directions the overall
computation can become expensive. Providing a relatively efficient
solution is the main motivation behind the work presented in this
paper, and towards this goal we propose a Green’s function based
efficient particular solution approach. In the remaining part of this
section we provide a quick review of the Green’s function and a
general method of finding particular solution using Green’s func-
tion. In the following section we detail the solution specific to our
equations.

The Green’s function for the type of equations shown in (11) is
defined as the solution to the following equation:

L [Gm(τ,µ : t,µ ′′)] = δ (t− τ)δ (µ ′′−µ) (12)

This equation is also an inhomogeneous equation, but has a product
of delta functions as the inhomogeneous term. Because of these
delta functions we can write the following relation:∫

τ0

0

∫ 1

−1
L [Gm(τ,µ : t,µ ′′)]Qm(t,µ ′′)dtdµ

′′ = Qm(τ,µ) (13)

where τ0 is the thickness of the material layer. This relationship
is valid for any function of (t,µ ′′). We wrote the equation with
Qm function deliberately so that the right hand side of this equation
matches with the right hand side of equation 11. This in turn implies
that

L [Im
p (τ,µ)] =

∫
τ0

0

∫ 1

−1
L [Gm(τ,µ : t,µ ′′)]Qm(t,µ ′′)dtdµ

′′

= L

[∫
τ0

0

∫ 1

−1
Gm(τ,µ : t,µ ′′)Qm(t,µ ′′)dtdµ

′′
]

from which we get the relation:

Im
p (τ,µ) =

∫
τ0

0

∫ 1

−1
Gm(τ,µ : t,µ ′′)Qm(t,µ ′′)dtdµ

′′ (14)

That means we can apply a quadrature technique to the right hand
side of equation 14 to compute the particular solution Im

p (τ,µ).

Another advantage of having the delta function in the definition of
Green’s function is that for any τ 6= t, equation 12 is a homogeneous
equation, i.e.

L [Gm(τ,µ : t,µ ′′)] = 0

and if we have already computed the solution of equation 10 then
the solution to the homogeneous equation shown here can be as-
sembled with very little extra effort.

Furthermore, integrating equation 12 with respect to τ in the inter-
val t− ε and t + ε for ε → 0, i.e.∫ t+ε

t−ε

L [Gm(τ,µ : t,µ ′′)]dt =
∫ t+ε

t−ε

δ (t− τ)δ (µ ′′−µ)dt

we get the relation

µ[Gm(t + ε,µ : t,µ ′′)−Gm(t− ε,µ : t,µ ′′)] = δ (µ ′′−µ) (15)

Such a relation is termed as jump condition in differential equation
literature. This relation along with the solution to the homogeneous
solution are used to derive Gm(τ,µ : t,µ ′′), the full solution to (12),
which in turn is used to compute Im

p (τ,µ) via equation equation 14.
Note that Green’s function Gm is independent of incident radiance
Iinc and hence can be computed once, and be used to get Im

p ’s for any
number of incident directions. We exploit this property to derive an
efficient solution to the radiance field in the next section, and use it
to compute BRDF.

4 Green’s Function Based Algorithm For
BRDF Computation

Computation of BRDF due to subsurface interaction of incident
light requires the computation of surface radiance field as a func-
tion of incident radiance from any direction in the incident hemi-
sphere. We use a modified DOM method for solving the RTE for
computation of this radiance field. We provided a brief outline of
the RTE solution method in section 3: we developed the expression
for the subsurface radiance field in equation 2, its Fourier expansion



in equation 5, the equation of the individual terms of expansion in
equation 7, and showed that the solutions of these later terms can be
constructed from their homogeneous and particular solutions. We
also showed that Green’s function based particular solution com-
putation method can be efficient from the point of view of BRDF
computation. In this section we elaborate on a discrete ordinate
based method for computation of the homogeneous solution and a
Green’s function based method for computing particular solution.
The methods assume that the plane parallel medium of the material
is composed of multiple homogeneous layers, that means the phase
function p and the surface albedo ω in each layer are independent of
the layer thickness. For simplicity of explanation, we first describe
solution methods for materials composed of a single homogeneous
layer. We then extend the methods to account for multiple layers.

Equation 7 for a single homogeneous layer of thickness τ0 can be
rewritten as:

µ
∂ Im(τ,µ)

∂τ
+ Im(τ,µ)− ω

2

∫ 1

−1
pm(µ,µ ′)Im(τ,µ ′)dµ

′

= Qm(τ,µ)

Applying Gaussian quadrature scheme to the integral term in the
equation gives us a system of N equations

µi
∂ Im(τ,µi)

∂τ
+ Im(τ,µi)−

ω

2

N

∑
j=1

α j pm(µi,µ j)Im(τ,µ j)

= Qm(τ,µi) (16)

where µi’s and αi’s are the Gaussian quadrature angles and weights
respectively.

4.1 Computing homogeneous solution Im
h

The first step in computing Im(τ,µi), the solutions of equation 16,
is to compute a homogeneous solution Im

h that satisfies:

µi
∂ Im

h (τ,µi)

∂τ
+ Im

h (τ,µi)−
ω

2

N

∑
j=1

α j pm(µi,µ j)Im
h (τ,µ j) = 0 (17)

Following the standard practice in differential equation literature
we seek exponential solutions to these equations as:

Im
h (τ,µi) = Φ

m(µi)e−τ/ν (18)

where Φm(µ) is an unknown function independent of τ , and ν an
unknown coefficient. We seek the values of ν and Φm estimated at
each discrete angle by solving the linear system (20), which results
from using the relations in (18) and (19) in equation 17.

∂ Im
h (τ,µi)

∂τ
=− 1

ν
Φ

m(µi)e−τ/ν (19)

−µi

ν
Φ

m(µi)+Φ
m(µi)−

ω

2

N

∑
j=1

α j pm(µi,µ j)Φ
m(µ j) = 0 (20)

The linear system shown in (20), when written in a matrix form,
gives us an eigenproblem:

M


Φm(µ1)
Φm(µ2)

...
Φm(µN)

=
1
ν


Φm(µ1)
Φm(µ2)

...
Φm(µN)

 (21)

where

Mi j =
1
µi

(
δi j−

ω

2
α j pm(µi,µ j)

)
(22)

δi j being the Kronecker delta function.

The solution of this eigenproblem gives us a set of N eigenvectors
Φm

i and eigenvalues νi. So we express our solution to equation 17
as a linear combination of the eigenvectors:

Im
h (τ,µi) =

N

∑
k=1

Lm
k Φ

m
k (µi)e−τ/νk . (23)

where Lm
k ’s are the scalar factors that must be determined.

Thus the computation of the homogeneous solution for every m re-
quires eigensolution of a matrix of size N×N. In practice using the
symmetry of the quadrature angles allows us to reduce the problem
to the eigensolution of a matrix of size N

2 ×
N
2 . We chose here not to

differentiate positive from negative angles to keep notations clear.
In our actual implementation we keep them separate to simplify the
matrix set up and eigensolution computation.

4.2 Computing particular solution Im
p using Green’s

function

Having described a method to compute the homogeneous solution,
we now proceed to elaborate the Green’s function based method for
computing the particular solution. We rewrite the Green’s function
equation from section 3 for the single layer material as:

µi
∂Gm(τ,µi:t,µγ )

∂τ
+Gm(τ,µi : t,µγ )−

ω

2 ∑
N
j=1 α j pm(µi,µ j)Gm(τ,µ j : t,µγ ) = δ (τ− t)δi,γ (24)

and the particular solution to equation 16 as:

Im
p (τ,µi) =

N

∑
γ=1

∫
τ0

0
Gm(τ,µi : t,µγ )Qm(t,µγ )dt (25)

For any τ 6= t, (24) is a homogeneous equation. So, like in (23), we
construct its solution from the eigensolution of equation 21. Be-
cause of the discontinuities at t we construct the solution separately
for τ < t and for τ > t.

Gm(τ > t,µi : t,µγ ) =
J

∑
k=1

Am
k,γ Φ

m
k (µi)e−(τ−t)/νk (26)

Gm(τ < t,µi : t,µγ ) =−
N

∑
k=J+1

Bm
k,γ Φ

m
k (µi)e(t−τ)/νk (27)

Substituting those formulations for τ = x in the jump condition (15)
yields:

µi

J

∑
k=1

Am
k,γ Φ

m
k (µi)+µi

N

∑
k=J+1

Bm
k,γ Φ

m
k (µi) = δiγ (28)

Note the difference in the exponential terms here from that in (23).
This takes into account the fact that the inhomogeneous term here
is introduced from τ = t, whereas homogeneous term of the RTE
equation is introduced from τ = 0. Similarly because of the dis-
continuity at τ = t, instead of a single summation range k = 1..N,
the summation range has been broken down to two ranges, k = 1..J
in (26) and k = J +1..N in (27), where J, N− J are the number of



positive and negative eigenvalues respectively in the eigensolution
of (21).

Multiplying both sides of equation 28 by αiΦ
m(νβ ,µi) and sum-

ming it for 1 ≤ i ≤ N and 1 ≤ β ≤ J, and using the orthogonality
property of the eigenvectors [Barichello et al. 2000]:

N

∑
i=1

αiµiΦ
m
j (µi)Φ

m
k (µi) = 0, j 6= k (29)

we find:

Am
β ,γ =

αγ Φm
β
(µγ )

σm
β

, σ
m
β
=

N

∑
i=1

αiµiΦ
m
β
(µi) (30)

In the same manner, multiplying (28) by αiΦ
m(νβ ,µi) and sum-

ming it for 1 ≤ i ≤ N and J + 1 ≤ β ≤ N leads to the following
expression:

Bm
β ,γ =

αγ Φmβ (µγ )

σm
β

(31)

We replace A and B constants in (26,27) and combine the two terms
to get a full formulation for our Green’s function. We can now
compute the particular solution Ip for a given incoming direction
µinc by substituting the resulting Green’s function in equation (25):

Im
p (τ,µi) =

J

∑
j=1

A m
j (τ)Φm

j (µi)+
N

∑
j=J+1

Bm
j (τ)Φ

m
j (µi) (32)

where we introduced:

A m
j (τ) =

∫
τ

0

N

∑
k=1

Am
j,k(µk)Q

m(t,µk)e
−(τ−t)/ν j dt (33)

Bm
j (τ) =−

∫
τ0

τ

N

∑
k=1

Bm
j,k(µk)Q

m(t,µk)e
(t−τ)/ν j dt (34)

Since Qm, Am and Bm are all exponential functions of τ , A m
j and

Bm
j have analytical solutions:

A m
j (τ) = µ0ν ja jC(τ,ν j,µinc) (35)

Bm
j (τ) = µ0ν jb je−τ/µ0 S(τ0− τ,−ν j,µinc) (36)

with

a j =
1

σm
j

N

∑
i=1

αiω

4
Φ

m
j (µi)pm(µ j,µinc)Iinc(µinc) (37)

b j = − 1
σm

j

N

∑
i=1

αiω

4
Φ

m
j (µi)pm(µ j,µinc)Iinc(µinc) (38)

and

C(τ,ν ,µ) =
e−τ/ν − e−τ/µ

ν−µ
, S(τ,ν ,µ) =

1− e−τ/ν e−τ/µ

ν +µ
(39)

4.3 Computing Im and BRDF

Having computed the homogeneous solution and the particular so-
lution, we can compose our Im terms as

Im(τ,µi) = Im
h (τ,µi)+ Im

p (τ,µi) (40)

Note that we still have N unknown Lm
j ’s in the expression of Im

h
(see equation 23). We finally compute these unknowns by using
the boundary conditions at the top and bottom of the plane parallel
material layer. BRDF computation (1) assumes that light is incident
for only one direction at a time, and this incidence has already been
taken into account in the inhomogeneous term. So the radiance field
at τ = 0 for all negative angles is zero:

Im
h (0,µi)+ Im

p (0,µi) = 0 (41)

where µi’s are negative.

Similarly, we may assume that material layer is placed on the top of
black body base material, and no light is entering from the bottom.
So the radiance field at τ = τ0 for all positive angles is zero:

Im
h (τ0,µi)+ Im

p (τ0,µi) = 0 (42)

where µi’s are positive.

Each of these boundary conditions account for N/2 equations, so
a total of N equations for N unknowns. We solve for the unknown
Lm

i ’s by solving the system of equations.

Note that it is not required to assume a black body interface at the
bottom of the layer. If we know the BRDF of the base material
on top of which our plane parallel material is placed, then we can
compute the radiance field for the positive angles at τ = τ0 from the
the radiance field for the negative angles at the same location and
the BRDF of the base material, and get the required N/2 equations.
(For all our computation in the next section we have assumed black
body base).

We are now ready for computing the BRDF, for which we need
the radiance field for all positive angles at the top of the material
layer. That means we need I(0,µ,φ) for all µ > 0. For this we first
formulate a solution for Im from (16) as:

Im(τ,µ) = Im(τ0,µ)e−(τ0−τ)/µ +
1
µ

∫
τ0

τ

(Jm(t,µ)+Qm(t,µ))e−(t−τ)/µ dt (43)

where Im(τ0,µ) is computed using the bottom boundary condition,
Qm follows equation 9 and Jm is substituted by its discrete expres-
sion:

Jm(τ,µ) =
ω

2

N

∑
j=1

α j p(µ,µ j)Im(τ,µ j) (44)

Im(τ,µ) is known for the quadrature angles µi and, as Qm, is an
exponential function of τ . Therefore, the integral in (43) has an
closed-form solution. We then compute I(0,µ,φ)’s for φ ∈ [0..2π]
from Im(0,µi) using equation 5. Finally we use I(0,µ,φ) in equa-
tion 1 to compute BRDF for all the user defined µ , φ , and µinc
values.

4.4 Multiple layers

At this point we know how to compute the radiance field in a sin-
gle homogeneous layer. These computations can be extended to a
material composed of Nz homogeneous layers placed one on top
of the other (Figure 3). The single layer computations discussed
earlier in this section can be applied independently to find Im’s at
each layer as a combination of both homogeneous and particular
solutions for the layer. However, one thing remains to be com-
puted: the N unknown constant Lm

k ’s for each layer that are used to
combine individual eigenvectors based homogeneous solutions (see
equation 23). In section 4.3, we discussed how to compute them for
a single layer. To extend that method to multiple layers, we need



Figure 3: Material composed of three plane-parallel layers. To
compute the radiance at a depth τ , the RTE must be solved in each
layers.

to compute Nz×N unknowns and so we need Nz×N linear equa-
tions to solve for these unknowns. The two boundary conditions
(41) and (42) of the top surface and bottom surface of the first and
the last layer respectively make N linear equations. The remaining
(Nz−1)×N equations come from the (Nz−1) interfaces between
Nz layers. Radiance has to be continuous at the interface between
the layers. Therefore, using Im

z (τ) to denote the radiance field at
layer z, and τz to denote the optical thickness at the bottom of that
same layer we write:

Iz(τz,µi) = Iz+1(τz,µi), z ∈ {1, · · · ,Nz−1}, i ∈ {1, · · · ,N} (45)

Thus in total we get Nz×N equations. We solve this linear set of
equations to compute the unknown Lm

k ’s for all the Nz layers.

4.5 Algorithm

We summarize all the steps of the solution in algorithm 1.

Algorithm 1 main()
1: for m = 0 to L do
2: ComputeHomogeneous();
3: ComputeGreensFunction();
4: for inc = 1 to N do
5: ComputeParticular(µinc);
6: ComputeRadianceField(µinc);
7: end for
8: end for
9: ComputeReconstructedRadianceField(τ = 0);

10: ComputeBRDF();

ComputeHomogeneous() solves the eigenproblem defined in sec-
tion 4.1, giving us all the eigenvectors (Φm’s) and eigenval-
ues (ν’s). Computations detailed in section 4.2 are carried out
in ComputeGreensFunction() and in ComputeParticular().
ComputeGreensFunction() uses the eigensolution to com-
pute the coefficients Am

β ,γ and Bm
β ,γ as defined in equations

30 and 31 for equation 32. ComputeHomogeneous() and
ComputeGreensFunction() being independent of the incident
light direction, are computed once and are used for every incident
direction.

ComputeParticular() computes the values of A m
j and Bm

j
(equations 35 and 36) for every µinc of the incident direc-
tion, so that the particular solution can be fully reconstructed.
ComputeRadianceField() computes the constants Lm

j using the
method presented in section 4.3.

Once the computations is completed for each or-
der of expansion and each incident direction,
ComputeReconstructedRadianceField() computes the
full radiance field at the surface of the material for any incident
and outgoing direction using equation 43, and ComputeBRDF()
computes the BRDF using equation 1. Note that integrand of
equation 43 that depend on the variable t are the exponential terms,
so this integration is computed analytically.

5 Results

We implemented the algorithm described in the previous
section in C++ language. We used the EIGEN library
[http://eigen.tuxfamily.org] for computing eigensolutions and ma-
trix inversions. The input to the solver are: the number of lay-
ers composing the material, as well as the coefficients of the phase
function, the single scattering albedo and the optical thickness for
each of the layers, the number of zenith and azimuth angles for the
discrete BRDF table, the number of quadrature nodes and weights.
Using this solver we computed the BRDF and stored the result in
tabular form. For all of the results shown in this section, we used
tables of size 41×41×91, which corresponds to 41 discrete zenith
angles in the range (0, π

2 ) for incident and outgoing directions, and
91 relative azimuth angles in the range [0,π]. For the quadrature,
we used 82 Gaussian nodes and weights. The order of the Fourier
expansion depended on the phase functions considered, ranging
from 15 to 26 for the examples shown in this section. We used
650nm, 533nm, 480nm as representative wavelengths of the RGB
color channels and created the BRDF table. Note that for accurate
reproduction of material appearance, computation must be carried
out at a large number of wavelengths in the visible range.

The materials in our implementation are composed of one or more
transparent layers with spherical particles of different sizes embed-
ded inside. Layers are distinguished from each other by the type
of particles. We use power law distribution [Hansen and Travis
1974] for the size of the particles in every layer. The coefficients
of phase function (gm’s) and single scattering albedos (ω’s) for
each layer is computed from the refractive index of the particle
using Lorenz-Mie theory [van de Hulst 1981]. We use refractive
indices of the various materials from SOPRA optical data base
[http://www.sspectra.com/sopra.html].

To validate our implementation, we compared our results against
those obtained using DISORT [Stamnes et al. 1988], a standard
RTE solver. We provide a comparison of the BRDF lobes in fig-
ure 4. The shape clearly indicates that using Lambertian model for
the diffuse BRDF components will be a gross approximation.

We demonstrate the efficiency of Green’s function based particular
solution in figure 5, which shows the time needed to compute the
particular solutions using our method as a function of the number
of incident directions, and compare it with traditional substitution
technique. For this comparison we implemented both our Green’s
function based solution and traditional solution in our solver, gen-
erated the timing data keeping the rest of the computations iden-
tical. The graph shows that for smaller number (<15) of incident
directions, our Green’s function based method is more expensive
compared to the traditional method. This can be explained by the
fact that an extra overhead is incurred in the incident direction in-
dependent part of the Green’s function method i.e. for computing
the coefficients Am

β ,γ and Bm
β ,γ in equations 30 and 31. This extra

overhead is amortized over the computation for multiple incident
directions. The amortized cost becomes smaller as the number of
incident directions is increased. This is evident from the reduced
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Figure 5: The figure plots the time (in seconds) for computing the
particular solution as a function of the number of incident direc-
tions. The plot in blue shows the time using Green’s function and
the plot in red shows the time using the standard method (given in
Appendix). The results are computed for a material (composed tita-
nium dioxide particles) with scattering albedo ω = 1, and the order
of expansion L = 26.

(a) τ = 0.1 (b) τ = 1 (c) τ = 5 (d) τ = ∞

Figure 7: Images rendered using the diffuse BRDF computed for a
material layer of different optical thicknesses. The material is com-
posed of spherical hafnium oxide particles embedded in a transpar-
ent layer placed on the top of a black body base.

slope of the plot (in blue) for a number of incident directions greater
than 15. It is important to note that accurate BRDF computation re-
quires computation of radiance field for large number of incident
directions, and our Green’s function based method does provide an
overall computation efficiency.

Figure 6 shows the Stanford dragon model rendered with diffuse
only BRDF computed for a thick material layer composed of dif-
ferent types particles. Figure 7 shows the Stanford Buddha model
rendered with diffuse only BRDF computed for a material layer of
different thickness. Figure 8 shows conference logo layer painted
on the top of a base thick material layer. The base layer is com-
posed of titanium dioxide particles and the logo layer is composed
of titanium nitride particles. All of the images were rendered using
direct lighting due to a single directional light source.

Figure 8: Image of a thick material layer of titanium dioxide par-
ticles with SCCG conference logo painted with a thin layer (0.1
optical thickness) composed of titanium nitride particles.

6 Conclusion

In this paper we presented a Green’s function based solution
method to the radiative transport equation in a plane parallel
medium. We validated our method by comparing BRDF computed
by our method with results obtained using a standard RTE solvers.
We demonstrated the computed BRDF lobes for several materials,
and showed the renderings using these lobes. As a future work, we
plan (a) to use a GPU based eigen solver and linear systems solver
to speed up our computation, (b) to extend the current method to
compute polarized BRDF and (c) to explore the possibility of de-
veloping a Green’s function only solution that would avoid the com-
putation of radiance field in the whole material volume.
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A Computing particular solution

In this appendix, we present the standard method (i.e. without us-
ing the Green’s function) of computing the particular solution Im

p to
the inhomogeneous equation 16. One common approach to finding
such a solution is to express it in the same form as the inhomo-
geneous source term Qm(τ,µi) in that equation. To simplify the
discussion we rewrite Qm(τ,µi) shown in (9) as:

Qm(τ,µi) = Xm(µi)e−τ/µinc (46)

So the particular solution we seek can be expressed as:

Im
p (τ,µi) = Zm(µi)e−τ/µinc (47)

Substituting (46) and (47) in (16) and using the relationship

∂ Im
p (τ,µi)

∂τ
=− 1

µinc
Zm(µi)e−τ/µinc (48)

we get:

(1− µi

µinc
)Zm(µi)−

N

∑
j=1

α j pm(µi,µ j)Zm(µ j) = X(µi) (49)

So we have a system of N linear equations with N unknown Zm’s.
We can use a linear system solver to compute these unknowns. Note
that as the coefficients of the linear equations are going to change
for every change in incident direction, using this method of partic-
ular solution would require us to repeatedly solve a linear system
every time. We implemented this approach to generate the compar-
ison results in figure 5.
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